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Abstract—This paper investigates the beamforming design for
multiuser downlink with limited feedback, where a practical
channel state information (CSI) feedback model consisting both
feedback delay and CSI quantization error is considered. Under
this circumstance, we derive a closed-form multiuser beamform-
ing scheme via minimizing the expected mean square error
(MSE) with respect to the feedback imperfection. Compared with
conventional MMSE beamforming scheme, we find that not only
the regularization factor but the optimal MMSE beamforming
structure changes due to the CSI imperfection, especially the
feedback delay. Numerical results verify in different cases that the
optimized beamforming design outperforms conventional ones in
terms of both sum rate and BER performance.

I. INTRODUCTION

Multiple-input multiple-output (MIMO) communications
have been intensely investigated over the past decades. It
has been well-known that, by utilizing proper pre-processing
techniques, MIMO is able to offer a dramatic capacity im-
provement and higher reliability in comparison with single-
input single-output (SISO) systems [1]. In a multiuser MIMO
(MU-MIMO) downlink channel, it has been revealed in [2]
and [3] that dirty paper coding (DPC) is a capacity-achieving
precoding scheme. However, due to its high complexity, a
family of linear pre-processing techniques [4], [5] has recently
attracted more attentions for practical applications.

Among the linear pre-processing family, zero-forcing beam-
forming (ZFBF) [4] is one of the most efficient methods. It
inverses the concatenated channel of the entire system and
hence perfectly eliminates the multiuser interference. Although
ZFBF has been proven to be asymptotically optimal for the
multiuser system at high signal-to-noise ratios (SNRs), a
noticeable performance degradation can be found at low SNRs
because of the effect of noise amplification. Under this consid-
eration, an improved beamforming approach called minimum
mean square error beamforming (MMSEBF) was proposed
in [5]. The MMSEBF with vector-perturbation technique can
obtain good performance at all SNRs.

Although the above methods can achieve near-capacity per-
formance with low complexity, they are based on an infeasible
and impractical assumption of perfect CSI at the transmitter
(CSIT). To deal with this problem, a number of practical tech-
niques have been developed in [6]–[9] by exploiting quantized

CSI feedback based on pre-determined codebooks. In [6], a
finite-rate feedback strategy exploiting ZFBF and quantized
CSI feedback was discussed at full length. It discovered that
the feedback rate per mobile must increase linearly with the
SNR in order to achieve full multiplexing gain. However, the
beamforming strategy in [6] simply followed the conventional
ZFBF scheme and replaced the CSI matrix with its quantized
version. In order to suppress the negative effect of CSI
quantization, robust beamforming designs were then proposed
in [8] and [9].

However, these robust beamforming schemes were designed
under the assumption of delay-free feedback links from remote
users to the transmitter. As we know, in practical applications,
the feedback delay is inevitable and sometimes plays an
important role in performance degradation [10]. Therefore,
in this paper, we aim at optimizing multiuser beamforming
for the finite-rate feedback system by considering both CSI
quantization error and feedback delay from remote users.
Through optimization theory, we derive the optimal beamform-
ing scheme via minimizing the expected MSE with respect
to the CSI imperfection. The derived beamforming scheme
achieves better performance, especially for delayed feedback
links, while costs similar computational complexity as con-
ventional ones.

Notations: In this letter, we denote the transpose, the
conjugate transpose, the trace and the Frobenius norm of
matrix A as AT, A†, tr (A) and ‖A‖F respectively. We use
‖x‖ to denote the Euclidean norm of vector x. IM is the
M×M identity matrix. diag{· · · } represents a diagonal matrix
with the given elements on the diagonal. E{·} stands for the
statistical expectation of a random variable and Re [·] returns
the real part of the input.

II. SYSTEM MODEL

Consider a multiuser downlink with an M -antenna base
station (BS) and K single-antenna users, as shown in Fig. 1.
For simplicity, we only focus on the case with K = M
in this paper. As for K > M , the system can implement
user selection at first. Denote the channel vector from the
BS to user k by hk ∈ C

M×1 whose entries are independent
and identically distributed (i.i.d) complex Gaussian variables
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with zero mean and unit variance. Let W ∈ C
M×M and

x ∈ C
M×1 be the precoder matrix and transmitted vector

signal respectively. Then, the received symbol at the kth user
can be expressed as

yk = h†
kWx + nk, k = 1, · · · ,M. (1)

where nk is the zero-mean and unit variance complex Gaussian
noise at user k. By stacking yk and nk, we get

y = HWx + n (2)

where y = [y1 · · · yM ]T, H = [h1 · · ·hM ]† and n =
[n1 · · ·nM ]T. Note that the energy of the transmitted symbol
and the noise are both normalized, E

{
xx†} = E

{
nn†} =

IM . The transmit power at the BS is then limited by
tr
(
WW†) = P .
Assume that each user k has a full knowledge of hk

obtained by channel estimation as in [6]. Each user quan-
tizes its channel direction information (CDI), i.e., normalized
CSI h̃k = hk/‖hk‖, to a codeword in a given codebook
Ck ∈ C

M×2B

, where B represents the number of feedback
bits. Then, the user sends the index of the codeword to the
BS. Since the codebook is predetermined and known at both
two sides, the BS can thus recover the quantized CSI, denoted
by ĥk, from each user k. The quantized CSI is then utilized
by the BS for calculating the beamforming matrix. Besides,
since there is always a feedback delay due to the process of
channel estimation and feedback transmission, the quantized
CSI available at the BS is actually a quantized version of the
true CSI at the previous time-slot.

III. CHANNEL MODEL

In order to formulate the beamforming optimization prob-
lem, in this section, we first introduce a synthesized channel
model considering the effect of both quantization error and
feedback delay. The proposed robust beamforming in the next
section is based on the synthesized channel model.

A. CSI Quantization Model

Using the finite-rate feedback strategy in [6], the relation-
ship between CDI, i.e. the normalized CSI h̃k at user k, and
its quantization version, i.e. ĥk, can be expressed by:

h̃k =
√

1 − zkĥk +
√

zksk (3)

where sk is the unit-norm quantization error vector isotropical-
ly distributed in the null space of ĥk with the same dimension
of ĥk as well as h̃k and is independent of zk = 1−‖h̃†

kĥk‖2.
The expectation of the quantization error zk is characterized
in [6] by

E {zk} =
M − 1

M
δ (4)

where δ = 2−B/(M−1).

B. Delayed CSI Feedback

We consider a stationary ergodic Gauss-Markov block fad-
ing process where the channel stays constant during one sym-
bol duration but changes independently between consecutive
transmissions. A classic model of this kind of channel can be
characterized by [10]

hk [n] = ρkhk [n − 1] + ek [n] (5)

where hk [n] and hk [n − 1] represent the real channel infor-
mation of user k at current time n and the previous time-
slot (n − 1) respectively. ek [n] is independent of hk [n − 1]
with its entries eki [n] ∼ CN (

0, ε2k
)

i.i.d. According to Jake’s
model, we can define ρk = J0 (2πfdkTs) where J0 (·) is the
zero-th order Bessel function of the first kind, fdk and Ts are
denoted as the Doppler spread of user k and the length of each
symbol respectively. The variance of ek [n] is constrained by
ε2k = 1 − ρ2

k.

C. Synthesized Channel Model

By utilizing the CSI quantization and feedback delay model,
the synthesized channel model in this study can be directly
formulated according to the finite-rate feedback procedure.
Without loss of generality, the kth user gets hk [n − 1] at
time-slot (n − 1) and then quantizes its CDI h̃k [n − 1] into
ĥk [n − 1]. Via a finite-rate feedback link, the BS obtains
ĥk [n − 1] to calculate the precoder W. Due to the feedback
delay, the BS will transmit data by using W at the following
time-slot n. Accordingly, from (3) and (5), the relationship
between current CSI, hk [n], and the quantized CSI available
at the BS, ĥk [n − 1], can be formulated by

hk [n] =ρk‖hk [n − 1] ‖
(√

1 − zk [n − 1]ĥk [n − 1]

+
√

zk [n − 1]sk [n − 1]
)

+ ek [n] . (6)

Further by stacking user channels as a matrix H =
[h1 [n] · · ·hM [n]]†, the synthesized channel can be re-written
concisely as

H = DG
(
(IM − Z)1/2 Ĥ + Z1/2S

)
+ F

� AĤ + BS + F (7)

where D = diag {ρ1, · · · , ρM},
G = diag {‖h1 [n − 1] ‖, · · · , ‖hM [n − 1] ‖},
Z = diag {z1 [n − 1] , · · · , zM [n − 1]},

Ĥ =
[
ĥ1 [n − 1] · · · ĥM [n − 1]

]†
,
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S = [s1 [n − 1] · · · sM [n − 1]]†, F = [e1 [n] · · · eM [n]]†,
A = DG (IM − Z)1/2 and B = DGZ1/2.

IV. ROBUST BEAMFORMING DESIGN

As we stated in above sections, conventional beamforming
methods for limited feedback system either simply use the
quantized CSI to replace the true one for beamforming calcu-
lation [6] or ignore the delay effect of the feedback process
[8], [9]. In this section, we intend to develop an improved
beamforming regarding the impact of both imperfection factors
in order to better suit practical applications.

We optimize the beamforming design via minimizing the
MSE of the received symbols. According to the definition of
MSE in [11], the MSE is calculated by

ε (W, β) = Ex,n

{‖x − β−1y‖2
}

= ‖β−1HW − IM‖2
F + Mβ−2 (8)

where β is a scaling factor at the receiver. Although equation
(8) is calculated for distributed users, the MMSE precoding
design is concentrated by optimizing W at the BS with all
channel informations H feedback. In our system, since only
outdated CSI quantization version is available at the BS,
the MSE cost function should be modified as a conditional
expectation over the CSI imperfection. Mathematically, we can
re-formulate the beamforming optimization problem as

minimize EH|Ĥ {ε (W, β)}
subject to tr

(
WW†) = P. (9)

Then, by substituting (7) into (8), the cost function in (9) is
equivalent to

EH|Ĥ {ε (W, β)}
=EA,B,S,F

{
‖β−1

(
AĤ + BS + F

)
W − IM‖2

F

}
+ Mβ−2

=E {tr (IM )} + Mβ−2 + EA

{
tr
(
β−2W†Ĥ†A†AĤW

)}
+ EB,S

{
tr
(
β−2W†S†B†BSW

)}
+ EF

{
tr
(
β−2W†F†FW

)}− 2EA

{
Re
[
tr
(
β−1AĤW

)]}
− 2EF

{
Re
[
tr
(
β−1FW

)]}− 2EB,S

{
Re
[
tr
(
β−1BSW

)]}
+ 2EA,F

{
Re
[
tr
(
β−2W†F†AĤW

)]}
+ 2EA,B,S

{
Re
[
tr
(
β−2W†Ĥ†A†BSW

)]}
+ 2EB,S,F

{
Re
[
tr
(
β−2W†F†BSW

)]}
(10)

Note that S and F are independent of each other as well as A,
B. Thus, by considering the results E {S} = 0 and E {F} = 0,
it is not hard to verify that the last five items in (10) are all
zeros. Hence, (10) is further simplified to

EH|Ĥ {ε (W, β)}
=M

(
1 + β−2

)
+ EA

{
tr
(
β−2W†Ĥ†A†AĤW

)}
+ EB,S

{
tr
(
β−2W†S†B†BSW

)}
+ EF

{
tr
(
β−2W†F†FW

)}− 2EA

{
Re
[
tr
(
β−1AĤW

)]}
(11)

As channel magnitude information ‖hk‖ is independent of
channel direction information h̃k, ‖hk‖ is therefore also
independent of zk so that the following equations can be
derived.

E {A} = DE {‖h1‖}E
{√

1 − z1

}
� αD (12)

E
{
A†A

}
= [M − (M − 1) δ]D2 (13)

By substituting (12), (13), and (19), (20) (see Appendix A)
into (11), the objective function can be expressed by

EH|Ĥ {ε (W, β)}
= [M − (M − 1) δ] β−2‖DĤW‖2

F

+ δβ−2
(
P‖D‖2

F − ‖DĤW‖2
F

)
+ Pβ−2

(
M∑

k=1

ε2k

)

− 2αβ−1Re
{

tr
(
DĤW

)}
+ M

(
1 + β−2

)
=M (1 − δ) β−2‖DĤW‖2

F − 2αβ−1Re
{

tr
(
DĤW

)}
+ β−2

[
M (1 + P ) − P (1 − δ) ‖D‖2

F

]
+ M

�μ (W, β) (14)

Hence, the primal optimization problem in (9) is equivalent to

minimize μ (W, β)

subject to tr
(
WW†) = P. (15)

At this point, we can use the Lagrange multiplier method
to solve problem (15). Following the detailed derivations in
Appendix B, we fortunately obtain a closed-form solution to
W as:

W = η

[(
DĤ

)†
DĤ + ξIM

]−1 (
DĤ

)†
(16)

where ξ = M(1+P )−P (1−δ)‖D‖2
F

PM(1−δ) and η is the transmit power
constraint factor given by

η =

√√√√√ P∣∣∣∣
∣∣∣∣
[(

DĤ
)†

DĤ + ξIM

]−1 (
DĤ

)† ∣∣∣∣
∣∣∣∣
2

F

. (17)

This result presents the optimal precoder under both CSI
quantization error and feedback delay. In [9], it has been
revealed that when only the quantization error is considered
for beamforming optimization, the only difference between the
robust MMSEBF scheme in [9] and the conventional MMSE
precoder in [6] lies in the regularization factor. However, by
comparing (16) with [6], we find that not only the regular-
ization factor but also the quantized CDI matrix Ĥ in the
optimized MMSE precoder calculation expression is changed.
Moreover, from a generalized viewpoint, the proposed beam-
forming technique (16) can be treated as a general expression
of optimal MMSE precoder for finite-rate feedback system.
When there is no delay with D = IM , the expression (16)
reduces to the previous one given in [9]. Besides these, since
all the mentioned schemes share a similar MMSE precoder
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Fig. 2. sum rate v.s. SNR under M = K = 4, B = 16 bits and fdT = 0.1.

structure with closed-form expressions, it is also necessary to
stress that our proposed scheme has a comparable complexity
as conventional ones.

V. NUMERICAL RESULTS

In this section, we compare our proposed beamforming with
conventional schemes by computer simulation. We tested M =
K = 4 and used randomly generated codebooks as in [6]
for vector channel quantization. For simplicity, we set a same
Doppler spread fd and symbol duration T for all users, which
indicates each user has the same delay correlation efficiency
determined by the normalized Doppler frequency fdT . In our
simulation, we tested the following scheme for comparison:

• the proposed MMSE beamforming scheme based on
delayed and quantized CDI feedback (P-MMSE),

• conventional ZFBF scheme in [6] (C-ZF),
• conventional MMSE beamforming in [6] (C-MMSE),
• robust MMSE beamforming proposed in [9] (R-MMSE).

Moreover, we also provided the numerical results obtained by
using MMSE beamforming with perfect CSIT for reference.

Fig. 2 presents the sum rate performance of different
schemes under B = 16 bits and fdT = 0.1. It verifies that
P-MMSE achieves a higher sum rate than other schemes only
except for the perfect CSIT case. It also can be found that
P-MMSE overcomes the problem that the C-MMSE scheme
[6] has met a sum rate degradation at high SNRs. Fig. 3
compares these schemes in terms of BER performance, where
BPSK modulation and MRC are employed. P-MMSE shows
a noticeable BER performance gain over other finite-rate
feedback beamforming schemes, especially when the system
SNR grows. Moreover, from Fig. 3, we find that the achieved
performance gain becomes more pronounced as B increases.

In Fig. 4, we compare the performance of different schemes
under different number of feedback bits and an interesting
phenomenon is found. Since no delay effect is taken into
account in [6] and [9], both C-MMSE and R-MMSE suffer an
obvious performance degradation in terms of sum rate. From
Fig. 4, we find that when B increases, the achievable rate of
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R-MMSE, which only considers quantization error in beam-
forming design, converges to and even later becomes worse
than that of the C-MMSE which considers neither quantization
error nor delay. However, P-MMSE always outperforms both
these two schemes when B grows large. Moreover, it is also
necessary to note that P-MMSE shows a slight weakness
over the R-MMSE scheme at a small B in Fig. 4. This is
because the MMSE criteria is not equivalent to sum capacity
maximization, especially when B decreases and quantization
error dominates the entire system performance. Due to this
incoincidence, it is reasonable that P-MMSE is not optimal
in terms of sum rate in every single case and hence showing
a slight sum rate degradation at a small B when compared
with [9]. Even though, both P-MMSE and R-MMSE obtain a
significant capacity improvement over the C-MMSE under low
levels of CSI feedback. Consequently, from above observation-
s, we can conclude that our proposed beamforming technique
is a generally optimized scheme under various cases.

VI. CONCLUSION

We propose an improved MMSE beamforming scheme for
MU-MISO downlink channel with delayed and quantized CDI

This full text paper was peer reviewed at the direction of IEEE Communications Society subject matter experts for publication in the IEEE Globecom 2011 proceedings.



feedback. The closed-form of the proposed precoder shows
that quantization error affects the regularization factor while
delay has an impact on the quantized CDI matrix as well as
the regularization factor when compared to the conventional
MMSE precoder formula. Numerical results verify the effec-
tiveness of our proposed scheme over existing methods.
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APPENDIX A
SOME PRELIMINARY RESULTS

Because the entries of ek are i.i.d. complex Gaussian
variables with zero mean and variance ε2k, we have

E

{
eke

†
k

}
= ε2kIM (18)

which yields

E
{
F†F

}
= E

{
M∑

k=1

eke
†
k

}
=

(
M∑

k=1

ε2k

)
IM (19)

Then, we consider another term as follows:

EB,S

{
tr
[
W†S†B†BSW

]}
=δ (M − 1) ES

{
tr
[
W†S†D2SW

]}
=δ (M − 1) E

{
tr

[
W†

(
M∑

k=1

ρ2
ksk [n − 1] s†k [n − 1]

)
W

]}

=δE

{
tr

[
W†

( M∑
k=1

ρ2
k

(
IM − ĥk [n − 1] ĥ†

k [n − 1]
))

W

]}

=δ
(
‖D‖2

FP − ‖DĤW‖2
F

)
(20)

where we used previous results E
{
B†B

}
= (M − 1) δD2

and E

{
sks

†
k

}
= 1

M−1

(
IM − ĥkĥ

†
k

)
in [9].

APPENDIX B
PROOF OF EQUATION (16) AND (17)

By using the Lagrange Multiplier method, we first write the
Lagrangian cost function of problem (15) as

L (W, β, λ) = μ (W, β) + λ
(
tr
(
WW†)− P

)
(21)

where λ ∈ R is the Lagrange multiplier. Then, taking partial
derivatives of L (W, β, λ) with respect to W∗ and β respec-
tively and setting them to zero, we have

∂L
∂W∗ = M (1 − δ) β−2Ĥ†D2ĤW − αβ−1Ĥ†D + λW = 0

(22)

∂L
∂β

= − 2β−3

(
M (1 − δ) ‖DĤW‖2

F + M (1 + P )

− P (1 − δ) ‖D‖2
F

)
+ 2αβ−2Re

[
tr
(
DĤW

)]
= 0

(23)

After some basic manipulations from (22) and (23), it yields

W = αβ
(
M (1 − δ) Ĥ†D2Ĥ + λβ2IM

)−1

Ĥ†D

� αβQĤ†D (24)

and

αβRe
[
tr
(
DĤW

)]
− M (1 − δ) ‖DĤW‖2

F

= α2β2tr
{
Ĥ†D2ĤQ

(
IM − M (1 − δ) Ĥ†D2ĤQ

)}
(a)
= α2β2tr

{
Ĥ†D2ĤQλβ2Q

}
= λβ2P

= M (1 + P ) − P (1 − δ) ‖D‖2
F (25)

where (a) holds because IM−M (1 − δ) Ĥ†D2ĤQ = λβ2Q.
From (25), we can get

λβ2 =
(
M (1 + P ) − P (1 − δ) ‖D‖2

F

)
/P (26)

Finally by combining (26), (24) and transmit power constraint
tr
(
WW†) = P , we have the optimal solution to W in (16)

and (17).
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